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We adapt the robust phase estimation algorithm to the evaluation of energy differences between
two eigenstates using a quantum computer. This approach does not require controlled unitaries
between auxiliary and system registers or even a single auxiliary qubit. As a proof of concept,
we calculate the energies of the ground state and low-lying electronic excitations of a hydrogen
molecule in a minimal basis on a cloud quantum computer. The denominative robustness of our
approach is then quantified in terms of a high tolerance to coherent errors in the state preparation
and measurement. Conceptually, we note that all quantum phase estimation algorithms ultimately
evaluate eigenvalue differences.
Introduction.— The assessment of energy differences,
rather than total energies, is ubiquitous throughout
physics. Assessing whether there is a gap between the
ground and first excited state of a particular Hamiltonian
is related to outstanding problems in condensed mat-
ter [1] and high energy physics [2], and it is even at the
heart of deep connections between many-body physics
and theoretical computer science [3]. More generically,
myriad spectroscopic techniques ultimately compare the
energies of two or more eigenstates of a single Hamilto-
nian as one among many identifying features of a partic-
ular piece of matter. This paper is concerned with using
a quantum computer for this purpose. We indicate the
Hamiltonian of interest as H with N = 2n = dimH.
The state |0〉 refers to a computational basis state for an
n-qubit register unless otherwise indicated.
By repeatedly preparing particular superpositions of
two energy eigenstates, allowing them to undergo a uni-
tary evolutionW(H) [4–7], undoing the preparation, and
measuring in the computational basis (see Fig. 1b), we
can infer the difference in energy between the two eigen-
states without the need for auxiliary qubits [8] or con-
trolled unitary operations. This differs from other ap-
proaches to quantum phase estimation (QPE) [9] that
use one or more auxiliary qubits to provide a ground ref-
erence for the phase accumulated on the register encoding
the physical system [10–15]. This procedure is inspired
by the robust phase estimation (RPE) algorithm that was
introduced for the purposes of characterizing and cali-
brating the phase (i.e., rotation angle) of a single-qubit
gate [16].
A common form for W(H) is some approximation to
the exponential map that describes Hamiltonian evolu-
tion for a fixed time, though it might take other forms
for which the associated phase is a known function of the
eigenvalues. The physical significance of W(H) is a con-
sequence of encoding the degrees of freedom of some sys-
tem of interest into the Hilbert space of n qubits. While
we consider the specific encoding of interacting electrons
in a molecular system [17], we note that our results can
be extended to others including those relevant to nuclear
matter [18], quantum field theories [19], and spin sys-
tems [20]. We label the ground state of H with its eigen-
value, |E0〉, and indicate the ath eigenstate above it as
|Ea〉.
In fact all forms of phase estimation, with or with-
out auxiliary qubits, are not simply eigenvalue estima-
tion but eigenvalue difference estimation. The operations
W(H) andW(H+αI) are identical up to an undetectable
global phase, exp(iχ(α)), where the form of χ depends
on W [21]. In order to actually estimate the phase of an
eigenstate of W, one must have access to a known refer-
ence energy level. Λ(W), a singly-controlled version of
W, is generated by a Hamiltonian of the form 0N ⊕ H,
where 0N is the N ×N zero matrix. The N -fold degen-
erate zero-energy subspace created by 0N allows for the
estimation of the phase of any of the eigenstates of H
relative to these reference eigenstates (see Fig. 1a). This
is the structure of most QPE implementations, which we
henceforth generically refer to as QPE algorithms with
auxiliary qubits. Part of what distinguishes RPE is that
instead of relying on the auxiliary register to relativize
the phase of the Hamiltonian evolution, the relative phase
is accumulated between two energy eigenstates in a uni-
form superposition. This allows us to avoid the use of an
auxiliary register and controlled unitaries at the cost of
requiring a more complicated state preparation.
Three strengths of approaches to QPE with auxiliary
qubits are (i) the relativization of the phase accumulated
on the 1 branch of the auxiliary register to the 0 branch,
(ii) the projection of the system register onto an energy
eigenstate after a single round, and (iii) the ability to
continually reuse that state in subsequent rounds with-
out having to prepare it again. Point (i) is a critical
advantage if one needs to know absolute energies, but
not actually essential if one is strictly interested in mea-
suring energy differences. Further, if we have access to
the trace of the Hamiltonian over a M -dimensional sub-
space it is still possible to reconstruct the absolute ener-
gies if M − 1 independent pairwise energy differences are
measured within that subspace. This is evident in the
experimental results in Fig. 2. Points (ii) and (iii) are
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<latexit sha1_base64="DBDOfNUuw5bumalBmCcz9PCioyI=">AAAB83icbZDNSgMxFIUz9a/Wv6pLN8GiuCozIuiy4MZlBactdIaSSTNtaJIZkjtiGeY13LhQxK0v4863MW1noa0HAh/n3su9OVEquAHX/XYqa+sbm1vV7drO7t7+Qf3wqGOSTFPm00QkuhcRwwRXzAcOgvVSzYiMBOtGk9tZvfvItOGJeoBpykJJRorHnBKwVuAP8gDYE+SyKAb1htt058Kr4JXQQKXag/pXMExoJpkCKogxfc9NIcyJBk4FK2pBZlhK6ISMWN+iIpKZMJ/fXOAz6wxxnGj7FOC5+3siJ9KYqYxspyQwNsu1mflfrZ9BfBPmXKUZMEUXi+JMYEjwLAA85JpREFMLhGpub8V0TDShYGOq2RC85S+vQuey6Vm+v2q0zss4qugEnaIL5KFr1EJ3qI18RFGKntErenMy58V5dz4WrRWnnDlGf+R8/gC5gpII</latexit><latexit sha1_base64="DBDOfNUuw5bumalBmCcz9PCioyI=">AAAB83icbZDNSgMxFIUz9a/Wv6pLN8GiuCozIuiy4MZlBactdIaSSTNtaJIZkjtiGeY13LhQxK0v4863MW1noa0HAh/n3su9OVEquAHX/XYqa+sbm1vV7drO7t7+Qf3wqGOSTFPm00QkuhcRwwRXzAcOgvVSzYiMBOtGk9tZvfvItOGJeoBpykJJRorHnBKwVuAP8gDYE+SyKAb1htt058Kr4JXQQKXag/pXMExoJpkCKogxfc9NIcyJBk4FK2pBZlhK6ISMWN+iIpKZMJ/fXOAz6wxxnGj7FOC5+3siJ9KYqYxspyQwNsu1mflfrZ9BfBPmXKUZMEUXi+JMYEjwLAA85JpREFMLhGpub8V0TDShYGOq2RC85S+vQuey6Vm+v2q0zss4qugEnaIL5KFr1EJ3qI18RFGKntErenMy58V5dz4WrRWnnDlGf+R8/gC5gpII</latexit><latexit sha1_base64="DBDOfNUuw5bumalBmCcz9PCioyI=">AAAB83icbZDNSgMxFIUz9a/Wv6pLN8GiuCozIuiy4MZlBactdIaSSTNtaJIZkjtiGeY13LhQxK0v4863MW1noa0HAh/n3su9OVEquAHX/XYqa+sbm1vV7drO7t7+Qf3wqGOSTFPm00QkuhcRwwRXzAcOgvVSzYiMBOtGk9tZvfvItOGJeoBpykJJRorHnBKwVuAP8gDYE+SyKAb1htt058Kr4JXQQKXag/pXMExoJpkCKogxfc9NIcyJBk4FK2pBZlhK6ISMWN+iIpKZMJ/fXOAz6wxxnGj7FOC5+3siJ9KYqYxspyQwNsu1mflfrZ9BfBPmXKUZMEUXi+JMYEjwLAA85JpREFMLhGpub8V0TDShYGOq2RC85S+vQuey6Vm+v2q0zss4qugEnaIL5KFr1EJ3qI18RFGKntErenMy58V5dz4WrRWnnDlGf+R8/gC5gpII</latexit><latexit sha1_base64="DBDOfNUuw5bumalBmCcz9PCioyI=">AAAB83icbZDNSgMxFIUz9a/Wv6pLN8GiuCozIuiy4MZlBactdIaSSTNtaJIZkjtiGeY13LhQxK0v4863MW1noa0HAh/n3su9OVEquAHX/XYqa+sbm1vV7drO7t7+Qf3wqGOSTFPm00QkuhcRwwRXzAcOgvVSzYiMBOtGk9tZvfvItOGJeoBpykJJRorHnBKwVuAP8gDYE+SyKAb1htt058Kr4JXQQKXag/pXMExoJpkCKogxfc9NIcyJBk4FK2pBZlhK6ISMWN+iIpKZMJ/fXOAz6wxxnGj7FOC5+3siJ9KYqYxspyQwNsu1mflfrZ9BfBPmXKUZMEUXi+JMYEjwLAA85JpREFMLhGpub8V0TDShYGOq2RC85S+vQuey6Vm+v2q0zss4qugEnaIL5KFr1EJ3qI18RFGKntErenMy58V5dz4WrRWnnDlGf+R8/gC5gpII</latexit>
V
m
<latexit sha1_base64="jP700/61XZtD0kjv2at7d/5mXVM=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8VQSEfRY8OKxgv2AJpTNdtou3U3C7kQsIX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41RxaPJax7obMgBQRtFCghG6igalQQiec3M7qnUfQRsTRA04TCBQbRWIoOENr+e1+5iM8YabyvF+tuXV3LroKXgE1UqjZr375g5inCiLkkhnT89wEg4xpFFxCXvFTAwnjEzaCnsWIKTBBNr85p2fWGdBhrO2LkM7d3xMZU8ZMVWg7FcOxWa7NzP9qvRSHN0EmoiRFiPhi0TCVFGM6C4AOhAaOcmqBcS3srZSPmWYcbUwVG4K3/OVVaF/WPcv3V7XGeRFHmZyQU3JBPHJNGuSONEmLcJKQZ/JK3pzUeXHenY9Fa8kpZo7JHzmfP7sRkgk=</latexit><latexit sha1_base64="jP700/61XZtD0kjv2at7d/5mXVM=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8VQSEfRY8OKxgv2AJpTNdtou3U3C7kQsIX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41RxaPJax7obMgBQRtFCghG6igalQQiec3M7qnUfQRsTRA04TCBQbRWIoOENr+e1+5iM8YabyvF+tuXV3LroKXgE1UqjZr375g5inCiLkkhnT89wEg4xpFFxCXvFTAwnjEzaCnsWIKTBBNr85p2fWGdBhrO2LkM7d3xMZU8ZMVWg7FcOxWa7NzP9qvRSHN0EmoiRFiPhi0TCVFGM6C4AOhAaOcmqBcS3srZSPmWYcbUwVG4K3/OVVaF/WPcv3V7XGeRFHmZyQU3JBPHJNGuSONEmLcJKQZ/JK3pzUeXHenY9Fa8kpZo7JHzmfP7sRkgk=</latexit><latexit sha1_base64="jP700/61XZtD0kjv2at7d/5mXVM=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8VQSEfRY8OKxgv2AJpTNdtou3U3C7kQsIX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41RxaPJax7obMgBQRtFCghG6igalQQiec3M7qnUfQRsTRA04TCBQbRWIoOENr+e1+5iM8YabyvF+tuXV3LroKXgE1UqjZr375g5inCiLkkhnT89wEg4xpFFxCXvFTAwnjEzaCnsWIKTBBNr85p2fWGdBhrO2LkM7d3xMZU8ZMVWg7FcOxWa7NzP9qvRSHN0EmoiRFiPhi0TCVFGM6C4AOhAaOcmqBcS3srZSPmWYcbUwVG4K3/OVVaF/WPcv3V7XGeRFHmZyQU3JBPHJNGuSONEmLcJKQZ/JK3pzUeXHenY9Fa8kpZo7JHzmfP7sRkgk=</latexit><latexit sha1_base64="jP700/61XZtD0kjv2at7d/5mXVM=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8VQSEfRY8OKxgv2AJpTNdtou3U3C7kQsIX/DiwdFvPpnvPlv3LY5aOsLCw/vzDCzb5hIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41RxaPJax7obMgBQRtFCghG6igalQQiec3M7qnUfQRsTRA04TCBQbRWIoOENr+e1+5iM8YabyvF+tuXV3LroKXgE1UqjZr375g5inCiLkkhnT89wEg4xpFFxCXvFTAwnjEzaCnsWIKTBBNr85p2fWGdBhrO2LkM7d3xMZU8ZMVWg7FcOxWa7NzP9qvRSHN0EmoiRFiPhi0TCVFGM6C4AOhAaOcmqBcS3srZSPmWYcbUwVG4K3/OVVaF/WPcv3V7XGeRFHmZyQU3JBPHJNGuSONEmLcJKQZ/JK3pzUeXHenY9Fa8kpZo7JHzmfP7sRkgk=</latexit>
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<latexit sha1_base64="HWytsfxK5zrQsBxXLoTZ5W2D4To=">AAACEnicbVDLSsNAFJ34rPVVdelmsCjtpiQi6LLgpiupYB/Q1DCZTtqhk0mYuRFK6De48VfcuFDErSt3/o2TNgttPTBwOOde7pzjx4JrsO1va2V1bX1js7BV3N7Z3dsvHRy2dZQoylo0EpHq+kQzwSVrAQfBurFiJPQF6/jj68zvPDCleSTvYBKzfkiGkgecEjCSV6q6IYERJSLtTO/TsTecuoIFULG9GzeKRaJxw1V8OIKqVyrbNXsGvEycnJRRjqZX+nIHEU1CJoEKonXPsWPop0QBp4JNi26iWUzomAxZz1BJQqb76SzSFJ8aZYCDSJknAc/U3xspCbWehL6ZzALoRS8T//N6CQRX/ZTLOAEm6fxQkAgMEc76wQOuGAUxMYRQxc1fMR0RRSiYFoumBGcx8jJpn9ccw28vyvWzvI4COkYnqIIcdInqqIGaqIUoekTP6BW9WU/Wi/VufcxHV6x85wj9gfX5A3wknds=</latexit><latexit sha1_base64="HWytsfxK5zrQsBxXLoTZ5W2D4To=">AAACEnicbVDLSsNAFJ34rPVVdelmsCjtpiQi6LLgpiupYB/Q1DCZTtqhk0mYuRFK6De48VfcuFDErSt3/o2TNgttPTBwOOde7pzjx4JrsO1va2V1bX1js7BV3N7Z3dsvHRy2dZQoylo0EpHq+kQzwSVrAQfBurFiJPQF6/jj68zvPDCleSTvYBKzfkiGkgecEjCSV6q6IYERJSLtTO/TsTecuoIFULG9GzeKRaJxw1V8OIKqVyrbNXsGvEycnJRRjqZX+nIHEU1CJoEKonXPsWPop0QBp4JNi26iWUzomAxZz1BJQqb76SzSFJ8aZYCDSJknAc/U3xspCbWehL6ZzALoRS8T//N6CQRX/ZTLOAEm6fxQkAgMEc76wQOuGAUxMYRQxc1fMR0RRSiYFoumBGcx8jJpn9ccw28vyvWzvI4COkYnqIIcdInqqIGaqIUoekTP6BW9WU/Wi/VufcxHV6x85wj9gfX5A3wknds=</latexit><latexit sha1_base64="HWytsfxK5zrQsBxXLoTZ5W2D4To=">AAACEnicbVDLSsNAFJ34rPVVdelmsCjtpiQi6LLgpiupYB/Q1DCZTtqhk0mYuRFK6De48VfcuFDErSt3/o2TNgttPTBwOOde7pzjx4JrsO1va2V1bX1js7BV3N7Z3dsvHRy2dZQoylo0EpHq+kQzwSVrAQfBurFiJPQF6/jj68zvPDCleSTvYBKzfkiGkgecEjCSV6q6IYERJSLtTO/TsTecuoIFULG9GzeKRaJxw1V8OIKqVyrbNXsGvEycnJRRjqZX+nIHEU1CJoEKonXPsWPop0QBp4JNi26iWUzomAxZz1BJQqb76SzSFJ8aZYCDSJknAc/U3xspCbWehL6ZzALoRS8T//N6CQRX/ZTLOAEm6fxQkAgMEc76wQOuGAUxMYRQxc1fMR0RRSiYFoumBGcx8jJpn9ccw28vyvWzvI4COkYnqIIcdInqqIGaqIUoekTP6BW9WU/Wi/VufcxHV6x85wj9gfX5A3wknds=</latexit><latexit sha1_base64="HWytsfxK5zrQsBxXLoTZ5W2D4To=">AAACEnicbVDLSsNAFJ34rPVVdelmsCjtpiQi6LLgpiupYB/Q1DCZTtqhk0mYuRFK6De48VfcuFDErSt3/o2TNgttPTBwOOde7pzjx4JrsO1va2V1bX1js7BV3N7Z3dsvHRy2dZQoylo0EpHq+kQzwSVrAQfBurFiJPQF6/jj68zvPDCleSTvYBKzfkiGkgecEjCSV6q6IYERJSLtTO/TsTecuoIFULG9GzeKRaJxw1V8OIKqVyrbNXsGvEycnJRRjqZX+nIHEU1CJoEKonXPsWPop0QBp4JNi26iWUzomAxZz1BJQqb76SzSFJ8aZYCDSJknAc/U3xspCbWehL6ZzALoRS8T//N6CQRX/ZTLOAEm6fxQkAgMEc76wQOuGAUxMYRQxc1fMR0RRSiYFoumBGcx8jJpn9ccw28vyvWzvI4COkYnqIIcdInqqIGaqIUoekTP6BW9WU/Wi/VufcxHV6x85wj9gfX5A3wknds=</latexit>
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<latexit sha1_base64="K1rYpQZytcO734ZfUsdg4eWr/Q4=">AAAB9XicbZBNS8NAEIY3ftb6VfXoZbEoHqQkIuix4MVjBdMW2lg220m7dPPB7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr59IodG2v62l5ZXVtfXSRnlza3tnt7K339Rxqji4PJaxavtMgxQRuChQQjtRwEJfQssfXU/qrQdQWsTRHY4T8EI2iEQgOENj3bu9rIvwhFmSn7G8V6naNXsqughOAVVSqNGrfHX7MU9DiJBLpnXHsRP0MqZQcAl5uZtqSBgfsQF0DEYsBO1l06tzemycPg1iZV6EdOr+nshYqPU49E1nyHCo52sT879aJ8XgystElKQIEZ8tClJJMaaTCGhfKOAoxwYYV8LcSvmQKcbRBFU2ITjzX16E5nnNMXx7Ua2fFHGUyCE5IqfEIZekTm5Ig7iEE0WeySt5sx6tF+vd+pi1LlnFzAH5I+vzB+f2kqw=</latexit><latexit sha1_base64="K1rYpQZytcO734ZfUsdg4eWr/Q4=">AAAB9XicbZBNS8NAEIY3ftb6VfXoZbEoHqQkIuix4MVjBdMW2lg220m7dPPB7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr59IodG2v62l5ZXVtfXSRnlza3tnt7K339Rxqji4PJaxavtMgxQRuChQQjtRwEJfQssfXU/qrQdQWsTRHY4T8EI2iEQgOENj3bu9rIvwhFmSn7G8V6naNXsqughOAVVSqNGrfHX7MU9DiJBLpnXHsRP0MqZQcAl5uZtqSBgfsQF0DEYsBO1l06tzemycPg1iZV6EdOr+nshYqPU49E1nyHCo52sT879aJ8XgystElKQIEZ8tClJJMaaTCGhfKOAoxwYYV8LcSvmQKcbRBFU2ITjzX16E5nnNMXx7Ua2fFHGUyCE5IqfEIZekTm5Ig7iEE0WeySt5sx6tF+vd+pi1LlnFzAH5I+vzB+f2kqw=</latexit><latexit sha1_base64="K1rYpQZytcO734ZfUsdg4eWr/Q4=">AAAB9XicbZBNS8NAEIY3ftb6VfXoZbEoHqQkIuix4MVjBdMW2lg220m7dPPB7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr59IodG2v62l5ZXVtfXSRnlza3tnt7K339Rxqji4PJaxavtMgxQRuChQQjtRwEJfQssfXU/qrQdQWsTRHY4T8EI2iEQgOENj3bu9rIvwhFmSn7G8V6naNXsqughOAVVSqNGrfHX7MU9DiJBLpnXHsRP0MqZQcAl5uZtqSBgfsQF0DEYsBO1l06tzemycPg1iZV6EdOr+nshYqPU49E1nyHCo52sT879aJ8XgystElKQIEZ8tClJJMaaTCGhfKOAoxwYYV8LcSvmQKcbRBFU2ITjzX16E5nnNMXx7Ua2fFHGUyCE5IqfEIZekTm5Ig7iEE0WeySt5sx6tF+vd+pi1LlnFzAH5I+vzB+f2kqw=</latexit><latexit sha1_base64="K1rYpQZytcO734ZfUsdg4eWr/Q4=">AAAB9XicbZBNS8NAEIY3ftb6VfXoZbEoHqQkIuix4MVjBdMW2lg220m7dPPB7kQtIf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzr59IodG2v62l5ZXVtfXSRnlza3tnt7K339Rxqji4PJaxavtMgxQRuChQQjtRwEJfQssfXU/qrQdQWsTRHY4T8EI2iEQgOENj3bu9rIvwhFmSn7G8V6naNXsqughOAVVSqNGrfHX7MU9DiJBLpnXHsRP0MqZQcAl5uZtqSBgfsQF0DEYsBO1l06tzemycPg1iZV6EdOr+nshYqPU49E1nyHCo52sT879aJ8XgystElKQIEZ8tClJJMaaTCGhfKOAoxwYYV8LcSvmQKcbRBFU2ITjzX16E5nnNMXx7Ua2fFHGUyCE5IqfEIZekTm5Ig7iEE0WeySt5sx6tF+vd+pi1LlnFzAH5I+vzB+f2kqw=</latexit>
|0i
<latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit><latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit><latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit><latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit>
|0i
<latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit><latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit><latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit><latexit sha1 _base64="P3Ye0onQPzP/uzUYm LZ7H0tUts0=">AAAB8HicbZBN SwMxEIZn61etX1WPXoJF8VR2R dBjwYvHCrZV2qVk02kbmmSXJCu Utb/CiwdFvPpzvPlvTNs9aOsL gYd3ZsjMGyWCG+v7315hZXVtfa O4Wdra3tndK+8fNE2caoYNFot Y30fUoOAKG5ZbgfeJRiojga1od D2ttx5RGx6rOztOMJR0oHifM2 qd9fDkdzRVA4HdcsWv+jORZQh yqECuerf81enFLJWoLBPUmHbgJ zbMqLacCZyUOqnBhLIRHWDboa ISTZjNFp6QE+f0SD/W7ilLZu7v iYxKY8Yycp2S2qFZrE3N/2rt1 PavwoyrJLWo2PyjfiqIjcn0etL jGpkVYweUae52JWxINWXWZVRy IQSLJy9D87waOL69qNRO8ziKc ATHcAYBXEINbqAODWAg4Rle4c3 T3ov37n3MWwtePnMIf+R9/gCs v5A5</latexit> |0i
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FIG. 1. A comparison of prototypical QPE and RPE circuits. (a) In QPE with one auxiliary qubit, the system register is
first prepared in the ath eigenstate of H (Up,a) while a change of basis is applied to the auxiliary qubit (Um). kg applications
of W are applied using the auxiliary qubit as a control (Wkg (0N ⊕ H)). The basis of the auxiliary qubit is changed (Vm)
into that in which it is measured, directly extracting a single bit of Ea. The unitary whose phase is being estimated acts on
a 2N -dimensional Hilbert space in which the auxiliary qubit provides an N -fold degenerate zero-energy subspace relative to
which a phase difference maps onto any of the N energy eigenvalues of H. (b) In RPE there is no auxiliary qubit. First,
a uniform superposition of the ath and bth eigenstates of H is prepared (Up,ϕab=0). Then kg applications of W are applied
(Wkg (H)). The uniform superposition is unprepared (U†p,ϕab=β) and all qubits are measured, resulting in a sample from Pc for
β = 0 and a sample from Ps for β = pi/2. Here, Pc and Ps are probability distributions that encode the energy difference of
interest, defined in Eq. 2. The unitary whose phase is being estimated acts on an N -dimensional Hilbert space so that only
energy differences between eigenstates of H can be extracted from phases.
critical advantages if the depth of the state preparation
unitary exceeds that of the longest Hamiltonian evolu-
tion unitary, noting that the depth of the Hamiltonian
evolution unitaries for RPE will be reduced by merit of
their not needing to be controlled unitaries.
Not only does RPE offer overall circuit depth improve-
ment, but it offers significant savings in the total num-
ber of CNOTs/entangling operations required, which are
a primary bottleneck in current hardware, given their
relatively low fidelities (compared to single-qubit gates)
[22, 23]. Given access to a gate-level description of a
circuit S that implements W(H) (using only arbitrary
local gates and CNOTs), the most straightforward way
to implement W(0N ⊕ H) is to simply turn every gate
G in S into its singly-controlled version Λ(G). Though
clever compilation schemes [24–29] may offer non-trivial
improvements, if G contains s single-qubit gates and t
CNOTs, it can be shown [30, 31] the overall CNOT cost
of implementing Λ(G) may be as bad as 6t + 2s. While
this difference may be trivial on error-corrected hard-
ware, it can be non-trivial for uncorrected qubits.
One might ask whether the need to repeat the po-
tentially erroneous state preparation and measurement
(SPAM) due to a lack of projection onto an energy eigen-
state after a single round of auxiliary-qubit-free phase es-
timation is a limiting factor. A central result of this pa-
per is the observation that the robustness of RPE man-
ifests as a surprisingly high tolerance to errors in the
requisite SPAM. This suggests conditions for which this
approach to phase estimation might be advantageously
employed for quantum simulation. In particular, an ad-
vantage might be realized in the intermediate-term where
adiabatic [17, 32] or filtering-based [33–35] state prepa-
ration can be replaced by precompiled state preparation
circuits that exploit classical tractability and do not ap-
preciably contribute to the total circuit depth (see Sup-
plemental Materials).
Methods.— In essence, RPE may be thought of as
a combination of Ramsey and Rabi oscillation experi-
ments with logarithmic spacing in the number of gate
repetitions [36]. This allows the phase of the gate to be
learned with Heisenberg-like scaling in accuracy, without
requiring any entanglement or auxiliary qubits. Addi-
tionally, RPE will still produce accurate phase estimates
even when there is a significant amount of error in any
of the constituent circuits’ state preparations, measure-
ments, or gates. Accordingly, RPE has been demon-
strated in experimental systems to yield highly accurate
phase estimates [37] while being robust against various
noise channels [38].
While RPE concerns itself with estimating a single-
qubit gate’s phase, (e.g., the angle θ in the gate Rx(θ) =
exp(−iθσx/2)), this phase is actually the difference be-
tween the two eigenvalues of the Hamiltonian which gen-
erates the unitary rotation [39]. This principle can be
generalized to unitary maps of dimension greater than
two, allowing for the difference between two eigenvalues
of an arbitrary Hamiltonian to be estimated using RPE.
To adapt RPE to higher dimensions one simply needs
implementations of (i)W(H) and (ii) a state preparation
unitary,
Up,ϕab=β |0〉 =
1√
2
(|Ea〉+ eiβ |Eb〉) = |ϕab = β〉 , (1)
where we will specifically need Up,ϕab for two values of ϕab
that are separated by pi/2 radians. The energy difference
between eigenstates a and b is related to a relative phase,
θab mod 2pi, accumulated while evolving with W(H) for
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FIG. 2. Verification of RPE for evaluating energy differences
in a molecule using a cloud quantum computer. (Top) The
first four energy levels of H2 in a minimal basis, as evaluated
using RPE on IBM Vigo (dots) and diagonalization on a clas-
sical computer (lines). (Bottom) The error in the first four
energy levels relative to the result evaluated on a classical
computer.
a particular time interval that is absorbed into the units.
This relative phase is encoded in the probability distri-
butions
Pc(kgθab) = |〈0|U†p,ϕab=0Wkg (H)Up,ϕab=0|0〉|2 (2a)
=
1
2
(1 + cos (kgθab)) and (2b)
Ps(kgθab) = |〈0|U†p,ϕab=0Wkg (H)Up,ϕab=pi/2|0〉|2 (2c)
=
1
2
(1 + sin (kgθab)) , (2d)
where the circuits that sample from these distributions
are evident in Eqs. 2a and 2c and the functional forms of
the distributions are given in Eqs. 2b and 2d. Here kg is
the number of applications of W(H) during the gth gen-
eration. As indicated above kg is chosen with logarithmic
spacing, i.e., kg = 2
g, and experiments proceed by refin-
ing the estimate of θab across generations consisting of
increasing numbers of repetitions of W(H) [40].
For a fixed value of kg, the circuits represented by
Eqs. 2a and 2c are repeated sufficiently many times to
estimate Pc and Ps from the relative frequencies of 0 and
1 outcomes. Eqs. 2b and 2d, then, unambiguously specify
θab on a segment of 2pi/kg radians,
kgθab = atan2 (2Pc − 1, 2Ps − 1) mod 2pi, (3)
where atan2 accounts for the branch cuts of arctan by
tracking the signs of the x and y components. RPE uses
estimates of θab from experiments with kg′ for g
′ < g to
select a particular segment. At each successive genera-
tion, if the right branch is chosen, the error in θab will
exhibit Heisenberg-like scaling.
One of the key features of RPE is its tolerance to addi-
tive errors in Pc and Ps. In the Supplemental Materials
we study the impact of coherent errors on state prepara-
tion (Up,ϕab) and unpreparation (U
†
p,ϕab
). The parame-
ters of the error channel under consideration are related
to the deviation of the state prepared (or unprepared) rel-
ative to the target state, |ϕab〉. These include errors that
lead to support with erroneous amplitude (Ec) and phase
(Ep) in the “target subspace”, i.e., span{|Ea〉 , |Eb〉}, but
orthogonal to |ϕab〉. It also includes leakage errors (El)
that lead to support outside of that subspace. We indi-
cate the equivalent errors occurring during unpreparation
with primed variables (e.g., E ′c).
We have derived worst-case bounds on the associated
additive contributions to Pc and Ps, and translated these
into worst-case bounds on additive error in the estimate
of kgθab (see Eq. 3). This additive error is henceforth
indicated as δλ [41]. Combined with prior work that es-
tablishes the bounds on additive errors under which RPE
can succeed [16, 42], we have identified the conditions on
coherent SPAM errors that permit estimation of energy
differences with Heisenberg-like scaling. Our results indi-
cate a surprisingly high tolerance to these errors, promi-
nently that there are conditions for which RPE will still
succeed even if as much as ∼ 13% of the probability in the
prepared (unprepared) state leaks outside of the target
subspace.
Results.— To verify our RPE protocol for evaluating
energy differences in physical simulation we conducted
a proof-of-concept experiment through the cloud-based
IBM Quantum Experience [43, 44]. We computed three
of the independent pairwise energy differences between
the four eigenstates of molecular hydrogen (H2) in a min-
imal basis along its dissociation curve. Combined with a
knowledge of the trace of the Hamiltonian over this sub-
space, we are able to reconstruct the energy eigenvalues
themselves. The results of our experiment are illustrated
in Fig. 2, in which it is evident that RPE succeeds in ac-
curately computing these eigenvalues from pairwise dif-
ferences. All Hamiltonian (and kg) dependence was pre-
compiled into two- or three-CNOT circuits for this two-
qubit demonstration, leading to kg-independent depth
circuits of at most 11 CNOTs. Details of the circuits
that were run are provided in the Supplemental Materi-
als. We remark that this precompilation approach can-
not, of course, be useful at application scale, because
the quantum advantage derives comes from performing
4the Hamiltonain evolution quantum mechanically. For
there to be a “useful” demonstration, non-trivial quan-
tum hardware improvements will be required, as is the
case for all extant quantum algorithms.
However, by exploiting the fact that we can compile
evolutions for arbitrary kg into constant-depth circuits
we are able to validate that our protocol achieves the
ideal scaling with kg. This is illustrated in Fig. 3, in
which we also compare the experimentally observed scal-
ing to the scaling predicted by circuit simulations both
with and without noise. Our noisy circuit simulations
are based upon calibration data furnished by IBM at the
time of the experiment. The noiseless simulations pro-
vide a benchmark for the optimal performance of our
circuits, with the noisy simulations suggesting that ex-
periment will realize a relatively small deviation from
this. The fact that the experiment realizes a mean er-
ror that scales with 1/2g indicates that we are choos-
ing the correct branch between successive generations,
even using noisy hardware. However, the fact that the
noisy simulations predict errors that are almost an order
of magnitude smaller than those that are experimentally
observed suggests that the furnished noise model is insuf-
ficient to predict actual hardware behavior, highlighting
both the utility of more expressive noise models [45] and
the relatively loose relationship between average gate infi-
delities and worst-case error rates [23, 46]. Nevertheless,
that the procedure still works in the presence of “hid-
den” error processes also highlights RPE’s resilience to
such “hidden” errors.
Finally, we illustrate the denominative robustness of
RPE to SPAM errors. Fig. 4 presents a particular two-
dimensional slice of our error model in which Ec = E ′c
and El = E ′l vary. All other parameters of the model
are optimized over to find a worst-case bound on the ad-
ditive error in Fig. 3. This worst-case additive error is
then compared to the upper bound for which the success
of RPE is guaranteed. We find that for Ec = E ′c = 0,
RPE can tolerate a probability of leakage out of the tar-
get subspace in each of the preparation and measurement
circuits up to ∼ 13%. The sensitivity to coherent state
preparation errors within the computational subspace is
apparently higher, only tolerating individual coherent er-
ror probabilities of just ∼ 5%, partially due to the selec-
tion of worst-case phase error within that subspace (Ep)
in this plot.
Conclusion.— We have demonstrated that RPE can
be adapted from its original application in efficiently es-
timating the phase of a single-qubit gate to efficiently es-
timating energy differences in quantum simulation. This
approach to phase estimation does not require any aux-
iliary qubits nor the affiliated controlled implementa-
tions of W(H). While approaches that use auxiliary
qubits can benefit from projection into an energy eigen-
state after each round, we have shown that RPE is
actually quite tolerant to errors in SPAM. We expect
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FIG. 3. Simulated and experimental distributions of errors in
the H2 energy calculation with 1024 repetitions per circuit. A
swarm plot with errors from all internuclear separations and
energy differences, for each generation of RPE. Experimental
results on IBM Vigo are compared to results from circuit sim-
ulations without noise and using the calibration-based noise
model supplied by IBM. An overall scaling of the error with
1/2g is observed, consistent with Heisenberg-like scaling and
indicating that the correct branch is predominantly chosen in
these sequences.
that the long-term utility of such a protocol is likely
to be eclipsed by the auxiliary-qubit-based approaches
in future fault-tolerant quantum computers. However,
we do envision this approach as being impactful in the
intermediate-term. Specifically, for verifying and validat-
ing quantum simulation algorithms in the era between
the noisy, intermediate-scale quantum present and the
fault-tolerant quantum error corrected future.
The in-between epoch in which we expect this version
of phase estimation to be most useful is one in which the
capabilities of quantum computers will be typified by a
number of features. A few error-corrected logical qubits
might be available, but with logical error rates and con-
nectivities that are sufficiently limited that the imple-
mentation of one-to-many controlled W(H) is not possi-
ble for the desired precision. There might also be suffi-
ciently few logical qubits that it is possible to classically
diagonalize the Hamiltonian over a particular energy win-
dow, in which case compilation of the state preparation
unitaries from planted solutions will also be possible. Fi-
nally, this protocol might also be useful in diagnosing adi-
abatic state preparation algorithms which critically rely
on finding a pathway between a non-interacting and in-
teracting Hamiltonian in which the ground/first-excited
state gap remains as large as possible. As RPE allows us
to efficiently evaluate this gap with limited resources, we
see this as one of the more promising applications.
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1Supplemental Materials: Evaluating energy differences on a quantum computer with
robust phase estimation
CONTENTS
The Supplemental Materials elaborate on details of some of the central results in the main body of the paper.
• Appendix A provides details of the experiment that was conducted on the IBM Quantum Experience, particularly
concerning SPAM, compilation, and the circuits that were ultimately executed.
• Appendix B describes an error model for SPAM. It then derives an explicit expression for ∆c, the difference
between the ideal and erroneous measurement probabilities for the cosine of the estimated phase, in terms of
the error model’s parameters.
• Appendix C introduces a geometric construction to facilitate analysis and places bounds on the expression for
∆c derived in Appendix B.
• Appendix D uses the bounds derived in Appendix C to arrive at a set of constraints under which the success
of robust phase estimation (RPE) is guaranteed, as a function of the error model parameters. Here we define
succeeding as the errors being sufficiently close to zero that Heisenberg-like scaling is still achieved. This is used
to generate Fig. 4 in the main body of the paper.
APPENDIX A: EXPERIMENTAL DETAILS
In Figs. 2 and3 we validated the RPE protocol for evaluating energy differences by using IBM’s Vigo to compute
the full spectrum of a simple exemplary molecule (H2) in a minimal basis set (STO-6G). The associated Hilbert space
dimension is N = 4 and we used a Bravyi-Kitaev transformation [58, 59] to create a mapping between fermionic
operators on 2 spin orbitals and Pauli operators on 2 qubits. The Pauli basis Hamiltonian coefficients for the set of
internuclear spacings considered were originally extracted from the arXiv version of Ref. 60. That we were able to
compute the full spectrum and not just the energy differences is due to the fact that it was feasible to compute the
energy differences for N − 1 unique pairs of eigenstates and our knowledge of Tr[H]. Our experiments required us to
synthesize circuits for two distinct classes of unitary operators: 1.) Up,ϕab and its adjoint for a and b indexing any
given pair {|Ea〉 , |Eb〉} and 2.) Wkg for a given value of kg. In both cases we exploited the fact that H is classically
diagonalizable.
For any number of qubits n and Hamiltonian H, we can synthesize Up,ϕab from a product of two operations:
Up,ϕab=β = A(H)B(a, b, β). (A1)
A(H) maps the computational basis states to energy eigenstates, at least within the target subspace:
A(H)
∣∣∣
span{|a〉,|b〉}
= |Ea〉 〈a|+ |Eb〉 〈b| . (A2)
Because the system we studied only requires 2 qubits, we did not try to use adiabatic or filter-based state preparation
circuits, or another efficient quantum preparation technique that would be required at application scale. Instead, we
implemented A(H) as the full unitary transformation of computational basis states to energy eigenstates,
A(H) =
∑
i
|Ei〉 〈i| . (A3)
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<latexit sha1_base64="h5z6 2UPON2cX2gVZ4cdPX7rBDDM=">AAAB6nicbZBNS8NAEIYnftb6V fXoZbEIPZVEhHosePFY0bSFNpTNdtIu3WzC7kYooT/BiwdFvPqL vPlv3LY5aOsLCw/vzLAzb5gKro3rfjsbm1vbO7ulvfL+weHRce XktK2TTDH0WSIS1Q2pRsEl+oYbgd1UIY1DgZ1wcjuvd55QaZ7IR zNNMYjpSPKIM2qs9eAPGoNK1a27C5F18AqoQqHWoPLVHyYsi1Ea JqjWPc9NTZBTZTgTOCv3M40pZRM6wp5FSWPUQb5YdUYurTMkUaL sk4Ys3N8TOY21nsah7YypGevV2tz8r9bLTHQT5FymmUHJlh9FmS AmIfO7yZArZEZMLVCmuN2VsDFVlBmbTtmG4K2evA7tq7pn+f662 qwVcZTgHC6gBh40oAl30AIfGIzgGV7hzRHOi/PufCxbN5xi5gz+ yPn8AdeXjWk=</latexit><latexit sha1_base64="h5z6 2UPON2cX2gVZ4cdPX7rBDDM=">AAAB6nicbZBNS8NAEIYnftb6V fXoZbEIPZVEhHosePFY0bSFNpTNdtIu3WzC7kYooT/BiwdFvPqL vPlv3LY5aOsLCw/vzLAzb5gKro3rfjsbm1vbO7ulvfL+weHRce XktK2TTDH0WSIS1Q2pRsEl+oYbgd1UIY1DgZ1wcjuvd55QaZ7IR zNNMYjpSPKIM2qs9eAPGoNK1a27C5F18AqoQqHWoPLVHyYsi1Ea JqjWPc9NTZBTZTgTOCv3M40pZRM6wp5FSWPUQb5YdUYurTMkUaL sk4Ys3N8TOY21nsah7YypGevV2tz8r9bLTHQT5FymmUHJlh9FmS AmIfO7yZArZEZMLVCmuN2VsDFVlBmbTtmG4K2evA7tq7pn+f662 qwVcZTgHC6gBh40oAl30AIfGIzgGV7hzRHOi/PufCxbN5xi5gz+ yPn8AdeXjWk=</latexit><latexit sha1_base64="h5z6 2UPON2cX2gVZ4cdPX7rBDDM=">AAAB6nicbZBNS8NAEIYnftb6V fXoZbEIPZVEhHosePFY0bSFNpTNdtIu3WzC7kYooT/BiwdFvPqL vPlv3LY5aOsLCw/vzLAzb5gKro3rfjsbm1vbO7ulvfL+weHRce XktK2TTDH0WSIS1Q2pRsEl+oYbgd1UIY1DgZ1wcjuvd55QaZ7IR zNNMYjpSPKIM2qs9eAPGoNK1a27C5F18AqoQqHWoPLVHyYsi1Ea JqjWPc9NTZBTZTgTOCv3M40pZRM6wp5FSWPUQb5YdUYurTMkUaL sk4Ys3N8TOY21nsah7YypGevV2tz8r9bLTHQT5FymmUHJlh9FmS AmIfO7yZArZEZMLVCmuN2VsDFVlBmbTtmG4K2evA7tq7pn+f662 qwVcZTgHC6gBh40oAl30AIfGIzgGV7hzRHOi/PufCxbN5xi5gz+ yPn8AdeXjWk=</latexit><latexit sha1_base64="h5z6 2UPON2cX2gVZ4cdPX7rBDDM=">AAAB6nicbZBNS8NAEIYnftb6V fXoZbEIPZVEhHosePFY0bSFNpTNdtIu3WzC7kYooT/BiwdFvPqL vPlv3LY5aOsLCw/vzLAzb5gKro3rfjsbm1vbO7ulvfL+weHRce XktK2TTDH0WSIS1Q2pRsEl+oYbgd1UIY1DgZ1wcjuvd55QaZ7IR zNNMYjpSPKIM2qs9eAPGoNK1a27C5F18AqoQqHWoPLVHyYsi1Ea JqjWPc9NTZBTZTgTOCv3M40pZRM6wp5FSWPUQb5YdUYurTMkUaL sk4Ys3N8TOY21nsah7YypGevV2tz8r9bLTHQT5FymmUHJlh9FmS AmIfO7yZArZEZMLVCmuN2VsDFVlBmbTtmG4K2evA7tq7pn+f662 qwVcZTgHC6gBh40oAl30AIfGIzgGV7hzRHOi/PufCxbN5xi5gz+ yPn8AdeXjWk=</latexit>
U6
<latexit sha1_base64="L8Pc lT1Qnb5YgCtfF5cIbEkxoF4=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkIuqx4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9YTjWg=</latexit><latexit sha1_base64="L8Pc lT1Qnb5YgCtfF5cIbEkxoF4=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkIuqx4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9YTjWg=</latexit><latexit sha1_base64="L8Pc lT1Qnb5YgCtfF5cIbEkxoF4=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkIuqx4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9YTjWg=</latexit><latexit sha1_base64="L8Pc lT1Qnb5YgCtfF5cIbEkxoF4=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkIuqx4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9YTjWg=</latexit>
U5
<latexit sha1_base64="c+QX aMMT6U4B7DyKyqW9GO8zc6I=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6Kkkouix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9SPjWc=</latexit><latexit sha1_base64="c+QX aMMT6U4B7DyKyqW9GO8zc6I=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6Kkkouix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9SPjWc=</latexit><latexit sha1_base64="c+QX aMMT6U4B7DyKyqW9GO8zc6I=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6Kkkouix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9SPjWc=</latexit><latexit sha1_base64="c+QX aMMT6U4B7DyKyqW9GO8zc6I=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6Kkkouix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDmo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3cXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9SPjWc=</latexit>
U4
<latexit sha1_base64="EURp DpBQAaweSxeE04NvX3GqLq0=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkUtBjwYvHiqYV2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+ rxSUcnmWLos0Qk6jGkGgWX6BtuBD6mCmkcCuyGk5t5vfuESvNEP phpikFMR5JHnFFjrXt/0BxUa27DXYisg1dADQq1B9Wv/jBhWYzS MEG17nluaoKcKsOZwFmln2lMKZvQEfYsShqjDvLFqjNyYZ0hiRJ lnzRk4f6eyGms9TQObWdMzViv1ubmf7VeZqLrIOcyzQxKtvwoyg QxCZnfTYZcITNiaoEyxe2uhI2poszYdCo2BG/15HXoXDY8y3fNW qtexFGGMziHOnhwBS24hTb4wGAEz/AKb45wXpx352PZWnKKmVP4 I+fzB9MLjWY=</latexit><latexit sha1_base64="EURp DpBQAaweSxeE04NvX3GqLq0=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkUtBjwYvHiqYV2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+ rxSUcnmWLos0Qk6jGkGgWX6BtuBD6mCmkcCuyGk5t5vfuESvNEP phpikFMR5JHnFFjrXt/0BxUa27DXYisg1dADQq1B9Wv/jBhWYzS MEG17nluaoKcKsOZwFmln2lMKZvQEfYsShqjDvLFqjNyYZ0hiRJ lnzRk4f6eyGms9TQObWdMzViv1ubmf7VeZqLrIOcyzQxKtvwoyg QxCZnfTYZcITNiaoEyxe2uhI2poszYdCo2BG/15HXoXDY8y3fNW qtexFGGMziHOnhwBS24hTb4wGAEz/AKb45wXpx352PZWnKKmVP4 I+fzB9MLjWY=</latexit><latexit sha1_base64="EURp DpBQAaweSxeE04NvX3GqLq0=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkUtBjwYvHiqYV2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+ rxSUcnmWLos0Qk6jGkGgWX6BtuBD6mCmkcCuyGk5t5vfuESvNEP phpikFMR5JHnFFjrXt/0BxUa27DXYisg1dADQq1B9Wv/jBhWYzS MEG17nluaoKcKsOZwFmln2lMKZvQEfYsShqjDvLFqjNyYZ0hiRJ lnzRk4f6eyGms9TQObWdMzViv1ubmf7VeZqLrIOcyzQxKtvwoyg QxCZnfTYZcITNiaoEyxe2uhI2poszYdCo2BG/15HXoXDY8y3fNW qtexFGGMziHOnhwBS24hTb4wGAEz/AKb45wXpx352PZWnKKmVP4 I+fzB9MLjWY=</latexit><latexit sha1_base64="EURp DpBQAaweSxeE04NvX3GqLq0=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkUtBjwYvHiqYV2lA220m7dLMJuxuhhP4ELx4U8eov 8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+ rxSUcnmWLos0Qk6jGkGgWX6BtuBD6mCmkcCuyGk5t5vfuESvNEP phpikFMR5JHnFFjrXt/0BxUa27DXYisg1dADQq1B9Wv/jBhWYzS MEG17nluaoKcKsOZwFmln2lMKZvQEfYsShqjDvLFqjNyYZ0hiRJ lnzRk4f6eyGms9TQObWdMzViv1ubmf7VeZqLrIOcyzQxKtvwoyg QxCZnfTYZcITNiaoEyxe2uhI2poszYdCo2BG/15HXoXDY8y3fNW qtexFGGMziHOnhwBS24hTb4wGAEz/AKb45wXpx352PZWnKKmVP4 I+fzB9MLjWY=</latexit>
U3
<latexit sha1_base64="8XLQ cQ3jaoqwi3njYQEWTpQp4dA=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkKuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDGo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3eXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9GHjWU=</latexit><latexit sha1_base64="8XLQ cQ3jaoqwi3njYQEWTpQp4dA=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkKuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDGo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3eXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9GHjWU=</latexit><latexit sha1_base64="8XLQ cQ3jaoqwi3njYQEWTpQp4dA=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkKuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDGo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3eXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9GHjWU=</latexit><latexit sha1_base64="8XLQ cQ3jaoqwi3njYQEWTpQp4dA=">AAAB6nicbZBNS8NAEIYn9avWr 6pHL4tF6KkkKuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov 8ua/cdvmoNUXFh7emWFn3jCVwqDrfjmltfWNza3ydmVnd2//oH p41DZJphn3WSIT3Q2p4VIo7qNAybup5jQOJe+Ek5t5vfPItRGJe sBpyoOYjpSIBKNorXt/cDGo1tyGuxD5C14BNSjUGlQ/+8OEZTFX yCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnUdGYmyBfrDojZ9YZkij R9ikkC/fnRE5jY6ZxaDtjimOzWpub/9V6GUbXQS5UmiFXbPlRlE mCCZnfTYZCc4ZyaoEyLeyuhI2ppgxtOhUbgrd68l9onzc8y3eXt Wa9iKMMJ3AKdfDgCppwCy3wgcEInuAFXh3pPDtvzvuyteQUM8fw S87HN9GHjWU=</latexit>
U2
<latexit sha1 _base64="zC8ttYXbMI7FUZFEt PCpFskIdhQ=">AAAB6nicbZBN S8NAEIYn9avWr6pHL4tF6KkkR dBjwYvHiqYV2lA220m7dLMJuxu hhP4ELx4U8eov8ua/cdvmoK0v LDy8M8POvGEquDau++2UNja3tn fKu5W9/YPDo+rxSUcnmWLos0Q k6jGkGgWX6BtuBD6mCmkcCuyGk 5t5vfuESvNEPphpikFMR5JHnF FjrXt/0BxUa27DXYisg1dADQq 1B9Wv/jBhWYzSMEG17nluaoKcK sOZwFmln2lMKZvQEfYsShqjDv LFqjNyYZ0hiRJlnzRk4f6eyGms 9TQObWdMzViv1ubmf7VeZqLrI OcyzQxKtvwoygQxCZnfTYZcITN iaoEyxe2uhI2poszYdCo2BG/1 5HXoNBue5bvLWqtexFGGMziHO nhwBS24hTb4wGAEz/AKb45wXpx 352PZWnKKmVP4I+fzB9ADjWQ= </latexit><latexit sha1 _base64="zC8ttYXbMI7FUZFEt PCpFskIdhQ=">AAAB6nicbZBN S8NAEIYn9avWr6pHL4tF6KkkR dBjwYvHiqYV2lA220m7dLMJuxu hhP4ELx4U8eov8ua/cdvmoK0v LDy8M8POvGEquDau++2UNja3tn fKu5W9/YPDo+rxSUcnmWLos0Q k6jGkGgWX6BtuBD6mCmkcCuyGk 5t5vfuESvNEPphpikFMR5JHnF FjrXt/0BxUa27DXYisg1dADQq 1B9Wv/jBhWYzSMEG17nluaoKcK sOZwFmln2lMKZvQEfYsShqjDv LFqjNyYZ0hiRJlnzRk4f6eyGms 9TQObWdMzViv1ubmf7VeZqLrI OcyzQxKtvwoygQxCZnfTYZcITN iaoEyxe2uhI2poszYdCo2BG/1 5HXoNBue5bvLWqtexFGGMziHO nhwBS24hTb4wGAEz/AKb45wXpx 352PZWnKKmVP4I+fzB9ADjWQ= </latexit><latexit sha1 _base64="zC8ttYXbMI7FUZFEt PCpFskIdhQ=">AAAB6nicbZBN S8NAEIYn9avWr6pHL4tF6KkkR dBjwYvHiqYV2lA220m7dLMJuxu hhP4ELx4U8eov8ua/cdvmoK0v LDy8M8POvGEquDau++2UNja3tn fKu5W9/YPDo+rxSUcnmWLos0Q k6jGkGgWX6BtuBD6mCmkcCuyGk 5t5vfuESvNEPphpikFMR5JHnF FjrXt/0BxUa27DXYisg1dADQq 1B9Wv/jBhWYzSMEG17nluaoKcK sOZwFmln2lMKZvQEfYsShqjDv LFqjNyYZ0hiRJlnzRk4f6eyGms 9TQObWdMzViv1ubmf7VeZqLrI OcyzQxKtvwoygQxCZnfTYZcITN iaoEyxe2uhI2poszYdCo2BG/1 5HXoNBue5bvLWqtexFGGMziHO nhwBS24hTb4wGAEz/AKb45wXpx 352PZWnKKmVP4I+fzB9ADjWQ= </latexit><latexit sha1 _base64="zC8ttYXbMI7FUZFEt PCpFskIdhQ=">AAAB6nicbZBN S8NAEIYn9avWr6pHL4tF6KkkR dBjwYvHiqYV2lA220m7dLMJuxu hhP4ELx4U8eov8ua/cdvmoK0v LDy8M8POvGEquDau++2UNja3tn fKu5W9/YPDo+rxSUcnmWLos0Q k6jGkGgWX6BtuBD6mCmkcCuyGk 5t5vfuESvNEPphpikFMR5JHnF FjrXt/0BxUa27DXYisg1dADQq 1B9Wv/jBhWYzSMEG17nluaoKcK sOZwFmln2lMKZvQEfYsShqjDv LFqjNyYZ0hiRJlnzRk4f6eyGms 9TQObWdMzViv1ubmf7VeZqLrI OcyzQxKtvwoygQxCZnfTYZcITN iaoEyxe2uhI2poszYdCo2BG/1 5HXoNBue5bvLWqtexFGGMziHO nhwBS24hTb4wGAEz/AKb45wXpx 352PZWnKKmVP4I+fzB9ADjWQ= </latexit>
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FIG. A1. The generic two-qubit circuit template into which Wkg and A(H) are compiled. There exist cases for which it can
be done with only two CNOTs.
2However, we emphasize that the procedure only relies on the action of A(H) on span{|a〉 , |b〉}.
B(a, b, β) selects the two computational basis states |a〉, |b〉, that correspond to the energy eigenstates of interest
|Ea〉, |Eb〉, and adds a relative phase β:
B(a, b, β) |0〉 = 1√
2
(|a〉+ eiβ |b〉) . (A4)
In general, B may be implemented with a circuit of depth O(n), and we do so by rotating a control qubit j to have
the desired phase (i.e., with a Hadamard followed by a Z-rotation by β), and then entangling that qubit to create the
superposition of |a〉 and |b〉 states. See Alg. 1 for a description of abSelect, which performs the entangling step,
T |0〉 = |a〉 and T |2j〉 = |b〉 . (A5)
Putting it all together, where H is the Hadamard,
B(a, b, β) = Te−iβZjHj . (A6)
To realize Wkg for any value of kg we used classical matrix exponentiation to construct
Wkg (H) = exp
(
− ikg
~
H
)
(A7)
directly in the computational basis.
To create both theWkg (H) and A(H) circuits, we compiled the necessary two-qubit unitary operations into the na-
tive gate set available through the IBM Quantum Experience. We did so by performing a Quantum Shannon Decompo-
sition in a basis determined by a pair of Cartan decompositions [61], as implemented in Qiskit’s two qubit decompose
module, arriving at two or three CNOT gates and six or eight single-qubit rotations that performed the desired gate
[44]. The specific single-qubit rotations available are
Uj = exp (−iαj nˆj · ~σ) , (A8)
which can be implemented using 3 fixed-axis single-qubit rotations by way of Euler angles. The form of this circuit is
illustrated in Fig. A1. Each experiment could have been compiled down even further into 3 CNOTs and 8 single-qubit
rotations, but this was not necessary.
Algorithm 1 Choose a control qubit j, in-place, and circuit that maps |0〉 and |2j〉 to |a〉 and |b〉, respectively.
Input:
1: a, b ∈ Z, the computational basis states to produce
Output:
2: j ∈ Z, the control qubit j that will select |a〉 or |b〉
3: T , the ordered list of quantum instructions execute, i.e., the quantum circuit
Code:
4: function abSelect(a, b)
5: i← 0 . The bit currently being processed
6: j ← −1 . The first different bit in a and b
7: T ← []
8: flip← 0
9: represent a in binary form as {ak}k
10: represent b in binary form as {bk}k
11: while i is less than the length of {ak}k or {bk}k do
12: if ai = bi then
13: if ai = 1 then
14: append Xi to T . If both classical bits are high, flip qubit i from from 0 to 1.
15: else
16: if j = −1 then
17: j ← i . Use the first qubit for which the classical bits differ as the control.
18: flip← 1− bi . If the control qubit should be flipped, do so after all CNOTs are processed.
19: else
20: append Λ(X)j,i to T
21: if ai = 1 then
22: append Xi to T
23: n← n+ 1
24: if flip then
25: append Xj to T
26: return T, j
3APPENDIX B: ERROR MODEL FOR STATE PREPARATION AND MEASUREMENT
A feature of approaches to phase estimation with one or more auxiliary qubits is that projective measurement of the
auxiliary qubits will leave the system register in an eigenstate of the unitary of which the phase is being estimated.
If there are errors in preparing the precise eigenstate of interest, as long as the prepared state has some overlap with
that eigenstate then the probability of projecting into it is proportional to the square of the overlap. Subsequent
rounds of phase estimation can reuse that projected state, mitigating some concerns about the precision of the state
preparation unitary.
The RPE protocol described in this paper does not involve any auxiliary qubits. Instead, each round requires the
preparation of a uniform superposition of two eigenstates of the unitary of interest, followed by kg application of said
unitary, and concluded with an “unprepare” of the uniform superposition. (There are, in fact, two distinct circuits
per round; one in which the unprepare introduces a relative phase of pi2 between the supported states, and one in
which it does not; these correspond, respectively, to β = pi2 and β = 0, in the application of U
†
p,ϕab=β
.)
More precisely, for a unitary W such that
W|Ea〉 =eiθa |Ea〉 ∀a ∈ {0, . . . , N − 1} and (B1a)
|ϕab = β〉 = 1√
2
(|Ea〉+ eiβ |Eb〉) , (B1b)
RPE estimates the difference θab = (θb − θa) mod 2pi using measurements of the probabilities
Pc =
∣∣〈ϕab = 0|Wkg |ϕab = 0〉∣∣2 and Ps = ∣∣〈ϕab = pi2 |Wkg |ϕab = 0〉∣∣2 . (B2)
Because there are no auxiliary qubits, in addition to Wkg the measurement of these probabilities requires the appli-
cation of a unitary, Up,ϕab |0〉s = |ϕab〉, and U†p,ϕab , for certain values of ϕab, for each sample. It is then natural to be
concerned about the impact of errors in Up,ϕab on the estimated phase, θab, independent of errors in implementingW.
In what follows, we provide a model for coherent errors in Up,ϕab and calculate the exact error in Eq. B2 assuming
that model.
There are three real-valued parameters in our model that correspond to distinct coherent errors in Up,ϕab :
1. Ec, the erroneous amplitude on the vector within span{|Ea〉 , |Eb〉} that is orthogonal to |ϕab〉.
2. Ep, the erroneous phase on the vector within span{|Ea〉 , |Eb〉} that is orthogonal to |ϕab〉.
3. El, the erroneous amplitude on the subspace orthogonal to span{|Ea〉 , |Eb〉}, i.e., leakage.
We indicate the non-ideal implementation of Up,ϕab as U˜p,ϕab such that,
U˜p,ϕab=β |0〉 = |ϕab = β; Ec, Ep, El〉 =
√
1− E2c − E2l√
2
(|Ea〉+ eiβ |Eb〉)+ EceiEp√
2
(|Ea〉 − eiβ |Eb〉)+ El |El〉 . (B3)
We also stipulate that 〈El|El〉 = 1 and 〈El|Ea〉 = 〈El|Eb〉 = 0.
To evaluate the exact error in Eq. B2 subject to this model, it is useful to clarify two notations. First, any quantity
with a tilde on top, e.g., U˜p,ϕab=β , corresponds to its non-ideal implementation within our error model. Second,
we will assume that the implementation of U˜†p,ϕab=β necessary to evaluate the probabilities in Eq. B2 might involve
different values of the error model parameters. Accordingly the model parameters for the non-ideal “prepare” unitary
are indicated without marking and the model parameters for the non-ideal “unprepare” unitary are indicated with
an apostrophe (e.g., E ′c).
The errors that we seek an expression for are
∆c
2
= P˜c − Pc and ∆s
2
= P˜s − Ps, (B4)
where the factor of 2 accounts for a factor of 1/2 appearing in the probabilities and the subscripts c and s indicate
cosine or sine, i.e.,
Pc =
1
2
[1 + cos(λ)] and Ps =
1
2
[1 + sin(λ)] . (B5)
4We only provide a derivation here for ∆c because ∆s can be similarly derived via the identity sin(λ) = cos(pi/2− λ).
Here λ is related to the true phase that we are estimating in any given generation of RPE. For the gth generation, Pc
can be written as
Pc = | 〈0|U†p,ϕab=0WkgUp,ϕab=0 |0〉 |2 =
1
2
[1 + cos(kgθab)] , (B6)
such that it is evident that λ = kgθab and our expression for ∆c will henceforth only implicitly depend on kg and θab.
P˜c is given as
P˜c = | 〈0| U˜†p,ϕab=0Wkg U˜p,ϕab=0 |0〉 |2. (B7)
We first notice that
Wkg U˜p,ϕab=β |0〉 =Wkg |ϕab = β; Ec, Ep, El〉 = |ϕab = β + kgθab; Ec, Ep, El〉 , (B8)
up to a global phase and eliding an explicit indication of the change to the vector |El〉, noting that the value of the
real parameter El is unaffected. Eq. B7 can then be written as
P˜c = | 〈ϕab = 0; E ′c, E ′p, E ′l |ϕab = λ; Ec, Ep, El〉 |2. (B9)
The overlap can be written as
〈ϕab = 0; E ′c, E ′p, E ′l |ϕab = λ; Ec, Ep, El〉 =
1
2
A
(
1 + eiλ
)
+
1
2
B
(
1− eiλ)+ E ′lEl 〈E ′l |El〉 , (B10)
where we have introduced the abbreviations
A = C ′C + E ′cEcei(Ep−E
′
p) and B = CE ′ce−iE
′
p + C ′EceiEp , (B11)
where C2 = 1− E2c − E2l . This allows us to write
P˜c =
∣∣〈ϕab = 0; E ′c, E ′p, E ′l |ϕab = λ; Ec, Ep, El〉∣∣2 = |A|22 (1 + cos(λ)) + 12=(AB) sin(λ) + |B|22 (1− cos(λ))
+ ElE ′l<
{(
A(1 + eiλ) +B(1− eiλ)) 〈E ′l |El〉}+ E2l E ′2l |〈E ′l |El〉|2 , (B12)
where = and < denote, respectively, real and imaginary parts. We note again the uncontrolled change in |El〉 under
the action of W and indicate that in deriving bounds we will be concerned with a worst-case (maximal) value of
|∆c|—in particular we will consider both maximally pessimistic and optimistic choices of |El〉. This brings us to the
main result of this Appendix,
∆c = |A|2 (1 + cos(λ)) + |B|2 (1− cos(λ)) + =(AB) sin(λ)− 1− cos(λ)
+ 2ElE ′l<
{(
A(1 + eiλ) +B(1− eiλ)) 〈E ′l |El〉}+ 2E2l E ′2l |〈E ′l |El〉|2 . (B13)
APPENDIX C: A BOUND ON THE ERROR
We are interested in determining upper and lower bounds on ∆c as a function of the error model’s amplitude pa-
rameters, Ec, E ′c, El, and E ′l . Specifically, the upper (lower) bound corresponds to a maximally pessimistic (optimistic)
choice of the error model’s phase parameters, Ep, E ′p, |El〉, and |E ′l 〉. To facilitate this analysis it is useful to reorganize
Eq. B13 according to three distinct contributions to the error:
1. Coherent errors within span{|Ea〉 , |Eb〉} that do not depend on λ.
2. Coherent errors within span{|Ea〉 , |Eb〉} that do depend on λ.
3. Leakage errors with terms that are both λ-dependent and not.
5To account for the λ-dependence of the error it will be useful to concomitantly introduce a geometric interpretation
of these terms in Eq. B13.
Evidently, cos(λ) and sin(λ) can be interpreted as the (x, y) components of a unit vector, nˆ = (cos(λ), sin(λ)). We
can then interpret the coefficients of these terms in ∆c as arising due to the orientation of nˆ relative to a vector whose
components depend on A and B, ~L =
(|A|2 − 1)− |B|2,=(AB)). Reorganizing Eq. B13 according to this we find
∆c =
L0︷ ︸︸ ︷(
(|A|2 − 1) + |B|2)+
nˆ︷ ︸︸ ︷(
cos(λ)
sin(λ)
)
·
~L︷ ︸︸ ︷(
(|A|2 − 1)− |B|2
=(AB)
)
+ 2
D︷︸︸︷
ElE ′l
u︷ ︸︸ ︷
|〈E ′l |El〉|

F︷ ︸︸ ︷
<
{(
A(1 + eiλ) +B(1− eiλ)) 〈E ′l |El〉|〈E ′l |El〉|
}
+
D︷︸︸︷
ElE ′l
u︷ ︸︸ ︷
|〈E ′l |El〉|
 . (C1)
We begin by considering the extremal values of the leakage contribution in the second line. It is the case that
D ≥ 0 because our model absorbs the phase into the states. It is also the case that 0 ≤ u ≤ 1. There are then three
possible values of u for which the second line, 2Du(F +Du), is either minimized or maximized. These correspond to
the imperfect preparation and unpreparation leakage states being perpendicular (u = 0) or parallel (u = 1), or if a
particular ratio of D and F lies within [0, 1],
∂u(2Du(F +Du)) = DF + 2D
2u = 0→ u = − F
2D
. (C2)
This final condition corresponds to a particular conspiratorial choice of |El〉 and |E ′l 〉 that isn’t accounted for in the
other two more intuitive cases. We now consider whether these extrema contribute to the maximum or minimum
values of ∆c.
∆c is maximized when u = 1 and the phase of the preparation and unpreparation leakage states, 〈E ′l |El〉, is chosen
to be maximally pessimistic. This corresponds to the leakage contribution taking on its maximum value, independent
of both contributions due to coherent errors within the subspace. In the worst-case, this means that the phase could
conspire to allow F to achieve the magnitude
|A(1 + eiλ) +B(1− eiλ)| (C3)
rather than merely the real part, and with unrestricted sign such that F > 0. This gives us the upper bound
∆c ≤ Lx + nˆ · ~L+ 2D [Fmax +D] (C4)
where∣∣A(1 + eiλ) +B(1− eiλ)∣∣ = ∣∣(A+B) + (A−B)eiλ∣∣ ≤ |A+B|+ |A−B|
≤ 2
√
(C ′C + E ′cEc)2 + (CE ′c + C ′Ec)2 = Fmax. (C5)
The choice to removes the λ, Ep and E ′p-dependence from the leakage terms allows the coherent contribution to errors
to be treated separately, significantly simpliflying the analysis, at the expense of making the upper bound slightly
looser than it could be. Note that the λ-dependence remains in the coherent contribution.
There are two cases to consider in which ∆c might be minimized. These correspond to whether Fmax ≤ 2D. Both
cases minimize ∆c by choosing the phase of the leakage states such that F < 0, allowing the leakage contribution
to cancel part of the contributions due to coherent errors within the subspace. Accordingly, the leakage extremum
corresponding to u = 0 does not itself correspond to a maximum or minimum of ∆c because it nullifies the leakage
contribution rather than signifying locally maximized leakage.
When Fmax ≤ 2D, the zero derivative condition in Eq. C2 can be met such that the leakage contribution becomes
2Du(F +Du)|u=− F2D = −2D
F
2D
(
F −D F
2D
)
= −F
(
F − F
2
)
= −F
2
2
. (C6)
Replacing F with the λ-independent Fmax we find the lower bound
∆c ≥ L0 − nˆ · ~L− F
2
max
2
. (C7)
6When Fmax > 2D, the zero derivative condition cannot hold and the leakage contribution is minimized when u = 1,
recalling that we are now considering F < 0. This gives us another lower bound,
∆c ≥ L0 + nˆ · ~L− 2D [Fmax +D] . (C8)
Combining the upper and lower bounds and dropping the shorthand for D we find
∆c,min =
L−︷ ︸︸ ︷
L0 −min
{
F 2max
2
, 2ElE ′l [Fmax + ElE ′l ]
}
−nˆ · ~L ≤ ∆c ≤
L+︷ ︸︸ ︷
L0 + 2ElE ′l [Fmax + ElE ′l ] +nˆ · ~L = ∆c,max, (C9)
recalling from Eqs. C5 and C1
L0 = |A|2 − 1 + |B|2, ~L =
(
(|A|2 − 1)− |B|2
|A||B|
)
, and Fmax = 2
√
(C ′C + E ′cEc)2 + (CE ′c + C ′Ec)2. (C10)
It is worth emphasizing that ∆c is a signed quantity. That is, RPE can fail if ∆c is too small, i.e., too negative.
In the following Appendix, we consider bounds on the errors in ∆c and ∆s, along with the geometric interpretation
introduced in this Appendix and construct geometric constraints for RPE’s success.
APPENDIX D: CONSTRAINTS ON THE SUCCESS OF RPE
The basis for RPE is a nonadaptive phase estimation protocol with Heisenberg-like scaling in which values of kg
are spaced logarithmically and experiments are conducted in order of increasing kg as to increasingly restrict the
range of subsequent estimates of θab [62]. This was originally derived in the absence of gate and SPAM errors for a
single qubit. Among the primary advances of RPE is that it achieves Heisenberg-like scaling, even in the presence
of sufficiently small additive errors on Pc and Ps, i.e., if max{|∆c|, |∆s|}/2 < 1/
√
8 [16]. The factor of 2 comes from
our definition of ∆c and ∆s in Eq. B4. In fact, we believe that this bound is slightly too optimistic and that the
more stringent max{|∆c|, |∆s|}/2 <
√
3/32 is required [42]. Just prior to making this preprint publicly available we
were informed of other authors with similar findings [63]. We note that the numerical discrepancy is ultimately quite
small (i.e., 1/
√
8 ≈ 0.354 and √3/32 ≈ 0.306). Our analysis proceeds assuming our more restrictive bound. Here we
consider RPE as succeeding if the errors are sufficiently small that Heisenberg-like scaling can still be achieved.
We first define the error vector, ~∆ = (∆c,∆s), noting that it is easy to derive an expression for ∆s from Eq. B13
using the identity sin(λ) = cos(pi/2− λ). Within our error model, RPE will estimate
λ˜ = atan2 (sin(λ) + ∆s, cos(λ) + ∆c) = λ+ δλ = kgθab + δλ, (D1)
where δλ denotes the discrepancy between λ˜ and λ, i.e., δλ = λ˜−λ. In terms of our geometric picture, this corresponds
to RPE estimating the angle nˆ makes with the x-axis, using the imperfect nˆ+ ~∆.
One could then either follow the procedure from Ref. 16 to find the conditions on our error model parameters such
that |∆c| and |∆s| are both less than 1/
√
2, guaranteeing Heisenberg-like scaling, or develop bounds on |δλ| that
guarantee that these criteria are met. The first approach follows naturally. It is straightforward to bound
nˆ · ~L ≤
√
(|A|2 − 1− |B|2)2 + |A|2|B|2, (D2)
and subsequently check if both ∆c and ∆s are bounded by 1/
√
2. For the latter procedure, and using our more
restrictive bound, it turns out that the equivalent bound is |δλ| < pi3 [42]. This more tightly constrains the performance
of RPE because it considers the aggregate impact of both ∆c and ∆s on the estimate of interest, rather than bounding
each independently. We make use of our geometric picture to illustrate this in Fig. D1. Rather than checking both
|∆c| and |∆s|, we now only need to check δλ, specifically that
nˆ+ ~∆∣∣∣nˆ+ ~∆∣∣∣ · nˆ = cos(δλ) > cos
(pi
3
)
=
1
2
. (D3)
Noting that the we are now verifying that a quantity is greater than 1/2 because cosine has even symmetry on
(−pi/3, pi/3) and is monotonically decreasing on [0, pi/3).
7Eq. C9 provides upper and lower bounds on ∆c,
∆c ≶ L± ± nˆ · ~L. (D4)
Rotating nˆ clockwise by pi/2 gives us nˆ⊥ =
(
sin(λ)
− cos(λ)
)
, which naturally expresses the analogous bound for ∆s,
∆s ≶ L± ± nˆ⊥ · ~L. (D5)
The maximal value of δλ will be achieved for ~∆ saturating these bounds. These extrema coincide with the vertices of
the blue box in Fig. D1. The choice of + or − branch in (D4) determines if you are on the right or left side of the box
in Fig. D1. Similarly, (D5) determines if you are on the top or bottom of the box. Therefore, for the vertex where
both x and y are maximum (minimum), i.e., top-right (bottom-left),
~∆ =
~`
0︷ ︸︸ ︷(
L±
L±
)
±
(
Lx Ly
−Ly Lx
)(
cos(λ)
sin(λ)
)
= ~`0 ± Lxnˆ± Lynˆ⊥ = (`0 cos(λ− ϕ0)± Lx)nˆ+ (`0 sin(λ− ϕ0)± Ly)nˆ⊥, (D6)
where ϕ0 is the angle that ~`0 makes with the x axis. Explicitly,
~∆top-right =
~`
0︷ ︸︸ ︷(
L+
L+
)
+
(
Lx Ly
−Ly Lx
)(
cos(λ)
sin(λ)
)
= ~`0+Lxnˆ+Lynˆ
⊥ = (`0 cos(λ−ϕ0)+Lx)nˆ+(`0 sin(λ−ϕ0)+Ly)nˆ⊥, (D7)
and
~∆bottom-left =
~`
0︷ ︸︸ ︷(
L−
L−
)
−
(
Lx Ly
−Ly Lx
)(
cos(λ)
sin(λ)
)
= ~`0−Lxnˆ−Lynˆ⊥ = (`0 cos(λ−ϕ0)−Lx)nˆ+ (`0 sin(λ−ϕ0)−Ly)nˆ⊥.
(D8)
Similarly, when the x (y) component is maximum and the y (x) component is minimum, i.e., bottom-right (top-left),
~∆ =
~`
0︷ ︸︸ ︷(
L±
L∓
)
±
(
Lx Ly
Ly −Lx
)(
cos(λ)
sin(λ)
)
= ~`0 ±
(
Lx −Ly
Ly Lx
) nˆ′︷ ︸︸ ︷(
cos(−λ)
sin(−λ)
)
= ~`0 ± Lxnˆ′ ∓ Ly(nˆ′)⊥
= [`0 cos(λ− ϕ0)± (cos(2λ)Lx − sin(2λ)Ly)] nˆ+ [`0 sin(λ− ϕ0)± (sin(2λ)Lx − cos(2λ)Ly)] nˆ⊥. (D9)
Making the arguments of the trigonometric functions uniform,
~∆ = (`0(cos(ϕ0) cos(λ) + sin(ϕ0) sin(λ))± (Lx(cos2(λ)− sin2(λ))− 2Ly sin(λ) cos(λ)))nˆ
+ (`0(− sin(ϕ0) cos(λ) + cos(ϕ0) sin(λ))± (2Lx sin(λ) cos(λ)− Ly(cos2(λ)− sin2(λ))))nˆ⊥. (D10)
Again, explicitly,
~∆bottom-right = (`0(cos(ϕ0) cos(λ) + sin(ϕ0) sin(λ)) + (Lx(cos
2(λ)− sin2(λ))− 2Ly sin(λ) cos(λ)))nˆ
+ (`0(− sin(ϕ0) cos(λ) + cos(ϕ0) sin(λ)) + (2Lx sin(λ) cos(λ)− Ly(cos2(λ)− sin2(λ))))nˆ⊥, (D11)
and
~∆top-left = (`0(cos(ϕ0) cos(λ) + sin(ϕ0) sin(λ))− (Lx(cos2(λ)− sin2(λ))− 2Ly sin(λ) cos(λ)))nˆ
+ (`0(− sin(ϕ0) cos(λ) + cos(ϕ0) sin(λ))− (2Lx sin(λ) cos(λ)− Ly(cos2(λ)− sin2(λ))))nˆ⊥. (D12)
Notice that each of the four vertices takes the form nˆ+ ~∆ = ∆1(λ)nˆ+ ∆2(λ)nˆ
⊥. For RPE to succeed we require that
1
2
< cos(δλ)
⇐⇒ 1
4
< cos2(δλ) and |δλ| < pi
⇐⇒ ∆21 + ∆22 < 4∆21 and ∆1 > 0
⇐⇒ |∆2| <
√
3∆1. (D13)
8Notice that ~L and L0, within L±, still have dependence on A and B:
L0 = |A|2 − 1 + |B|2, ~L =
(
(|A|2 − 1)− |B|2
|A||B|
)
, (D14)
where
A = C ′C + E ′cEcei(Ep−E
′
p) and B = CE ′ce−iE
′
p + C ′EceiEp . (D15)
The inequality in (D13) fails to hold when |∆2| −
√
3∆1 exceeds 0 as a function of the error model parameters. We
now provide worst-case bounds on when that occurs in terms of the phase error parameters (Ep and E ′p) and λ. Notice
that Eq. C5 has already removed the Ep and E ′p dependence from Fmax, so all of the remaining phase error dependence
is in L0, Lx and Ly. Moreover, these terms enter linearly in Eqs. D6 and D10. Therefore, the bounds achieve their
worst case on the extrema of L0, Lx, and Ly, which is precisely when A = C
′C ± E ′cEc and B = CE ′c ± C ′Ec (or its
additive inverse). We emphasize here that the extremization over A and B must unfortunately be done individually
for each of L0, Lx, and Ly, introducing slack into the bound. We suspect that this bound can be improved.
Finally, to handle the λ dependence, we check if |∆2| <
√
3∆1 on the finitely many extrema where
0 =
d
dλ
(|∆2| −
√
3∆1).
The sign change at ∆2 = 0 does not contribute to the extremization, so we are only concerned with
0 =
d
dλ
(±∆2 −
√
3∆1) = p±. (D16)
We need to check this condition for both Eq. D6 and Eq. D10.
This is relatively straightforward for Eq. D6 which corresponds to
0 = `0
(
± cos(λ− ϕ0) +
√
3 sin(λ− ϕ0)
)
,
or tan(λ−ϕ0) = ∓1/
√
3, or |λ−ϕ0| = pi2 − pi3 . Geometrically this is the shortest path from nˆ on the circle in Fig. D1
to either of the red bounding rays. This will make a right angle with the bounding ray.
The situation with Eq. D10 is less straightforward, but can be handled numerically. p± is a polynomial in cos(λ)
and sin(λ), and by substituting sin2(λ) = 1 − cos2(λ), all terms containing powers of sin(λ) greater than 1 can be
transformed, yielding
p± = p1[cos(λ)] + p2[cos(λ)] sin(λ), (D17)
where p1 and p2 are polynomials. So, for p± = 0,
p1[cos(λ)]
2 = p2[cos(λ)]
2 sin2(λ) = p2[cos(λ)]
2(1− cos2(λ))
or
0 = p1[cos(λ)]
2 − p2[cos(λ)]2(1− cos2(λ)). (D18)
This polynomial in cos(λ) can be numerically solved with a root finder. The remaining parameters are then Ec, El,
and their primed counterparts. A slice of |δλ| through this 4-dimensional space is plotted in Fig. 4.
9FIG. D1. Bounding the error on the estimated angle, λ˜, in the presence of SPAM errors described in Appendix B. (a) The
green arrow represents λ = atan2 (Ps, Pc) = atan2 (ny, nx), the angle which would be measured in the absence of errors at
generation g, λ = kgθab. The red arrows at λ ± pi3 represent the maximum deviation from this angle that RPE can tolerate
while still guaranteeing a correct final result [42]. (b) The presence of SPAM errors induces an additive shift in nˆ by ~∆, yielding
(P˜c, P˜s) = nˆ+ ~∆. The error in λ˜, the angle inferred from this imperfect data, is δλ. (c) Appendix C bounded ~∆ using the error
model’s parameters, in turn bounding nˆ+ ~∆ within the blue box. In the illustrated case, the bounds saturate the pi
3
tolerance
of the RPE protocol. For this specific λ, RPE is therefore guaranteed to succeed. But, because we do not know what λ is, one
must consider all possible λ to guarantee the success of the RPE protocol.
